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Abstract 



This paper generalizes the results obtained in an earlier paper (|Bol|) 
for finite factors to infinite but still semifinite factors. First we give a char- 
acterization of cyclic and separating vectors for infinite semifinite factors in 
terms of operators associated with this vector and being affiliated with the 
factor. Further we show how this operator generates the modular objects 
of the given cyclic and separating vector generalizing an idea of Kadison 
and Ringrose. With the help of these results we can show that the second 
simple class of solutions for the inverse problem constructed in jBol| never 
exists in infinite semifinite factors. Finally we give a classification of the 
solutions of the inverse problem in the case of modular operators having 
pure point spectrum completely analoguous to the finite case. 

1 The Inverse Problem in Modular Theory 

Let Mq be a von Neumann algebra on a separable Hilbert space TCq with a 
cyclic and separating vector uq. Then modular theory shows the existence of 
a modular operator Ao and a modular conjugation Jo (the modular objects 
(Ao,Jo)) belonging to the vector uq. In this paper we examine the inverse 
problem of constructing algebras M having the same cyclic and separating 
vector and modular objects as A4q: 
The Inverse Problem 

Let (Ao, Jo) be the modular objects for the von Neumann algebra Mq with 
cyclic and separating vector uq. Characterize all von Neumann algebras A4 
isomorphic to A4q with the following properties: 

1. «o is also cyclic and separating for A4, 

2. (Ao, Jo) are the modular objects for (A4,uq). 
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Let A r i 7 V( (Ao, Jo, uq) denote all solutions M. of the inverse problem. 
In |Bo| the following theorems were shown: 

Theorem 1.1. Let (M.q,TLq) be a finite von Neumann factor. Let further u E 
TCo. Then there is exactly one operator T u r]M.o associated with the vector u, 
s.t. u = T u u tT where u tT £ 7io is a cyclic trace vector. This operator has the 
following properties: 

1. tr(T M T;)=tr(T;T u )<oo. 

2. u is cyclic, iffT u is injective. 

3. u is separating, iffT u has dense range. 

4- u is cyclic and separating iffT u is injective and has dense range, i.e. iff 
T u is invertible. 



Theorem 1.2. Let TnAio- Then there is a vector u € 7io s.t T = T u in the 



sense of Theorem 1.1 iffixTT* = trT*T < oo. 



In the second section of this paper these theorems were generalized to infinite 
semifinite factors. For this purpose we first consider a special case of such 
factors, a matrix algebra of finite factors, where the trace vector is replaced by 
a sequence of vectors, constructed from the trace vectors of the constituting 
factors. 

With the help of this result we show the analogue of the following result, 



also obtained in [Bol] for finite factors: 



Theorem 1.3. Let A4q be a finite von Neumann factor with cyclic and sepa- 
rating vector uq 6 Mq and cyclic trace vector u tr £ Tto- Let further T uo nMo be 
the invertible operator corresponding to uq and T Uo = HV = (T no T* ) 1 / 2 V the 
polar decomposition ofT UQ . Then we can calculate the modular objects (Ao, Jo) 
of (Mo, uq) as follows: 

J = JV*JVJ = VJV*, 
where J is the conjugation corresponding to u tr , and 

Aq = JoH 1 JoHo, 

where H = H 2 = T U0 T* . 

Then we will be in exactly the same situation as in the finite case, and 
can examine the inverse problem as in [Bol]. In contrast to that case the 



second simple class of solutions will never exists in this case (s. §[|), but the 
classification of the solutions in the pure point spectrum case will be the same. 

Notice that in this paper all Hilbert spaces are separable, i.e. the von 
Neumann algebras are countably decomposable. 
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2 Characterization of Vectors by Affiliated Opera- 
tors 



In this section we consider infinite but still semifinite factors, i.e. A4q is of type 
loo or I loo- In this case we have no trace vectors left. But nevertheless we 
can make a similar construction as in the finite case by considering the infinite 
factor as an infinite matrix of finite factors and using the results presented in 

S- 

As a model for such a matrix of finite factors we examine now the semifinite 
factor K = T <g> L(H oo) ® C on K. — H ® T~ico <8> T~iooi where (T, TL) is a finite 
factor possessing a cyclic and separating vector and Tioo is a infinite dimensional 
separable Hilbert space which we can identify with ^(N). Now 1Z is an (infinite) 
type I (II) factor, if T is type I (II). Further, since (T,H) is finite and 
possesses a cyclic and separating vector, it possesses a cyclic trace vector u tT G H 
(cf. fQtgg , Th. 8.2.8, Lem. 7.2.8]). 

In the following we consider the elements of /C as infinite dimensional ma- 
trices u = (itfOijfceN with entries G Ti s.t. Ylik \\ u i\\ < °°> wnere * ne 
lower index corresponds to the second component of the tensor product and 
the upper to the third, resp. Then we can write the elements of IZ as matrices 
T = (Tji)j,ieN with entries Tu € T, where 

Tu = (J2 T U u i)l- 

Then the commutant 7Z' of 1Z is T' ®C®L(7i 00 ), where we can write an element 
m U as T = (T ), fc g N with entries T 6T, where 

k 

For the proofs in this section the following subalgebras of 7Z and TZ are 
important: 

TZ := {M = (Mij)ij G Tl\Mij ^ for only finitely many i,j G N} 
1l' := {M' = (M' l3 ) ij G ^'[M' iJ / for only finitely many i,j G N}. 

Now we define the following sequence of vectors in /C, which is the analogue to 
the trace vector: 

Vk ■= (^ikUtrYi- 

Further we define 

D := lin{Mt> fc |M G K, k G N} C K 

and 

D' := \m{M'v k \M' G Tl' , k G N} C JC. 
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Now the trace tr of 7Z, which is a n.s.f. tracial weight, is tr = tr-r <g> tou^^, 
where trj- is the trace on T and tr^^^) the standard trace on Woo- It can be 
written with the help of the vectors (v k ): 

tr(M) = ^tr r (M fcfc ) = ^(M fcfc u tr |u tr > 
k k 

= ^2(Mv k \v k ) 

k 

= J2[ Ad ll E ^l| 2 VM = ( M *i) G 



where M = J XdE^ is the spetral measure of M. As in |Bol| we can continue 
the trace to all the positive closed operators A affiliated with TZ by 



tr(A) :=J2 f Xd \\ E x v k\ 



(2.1) 



where is the spectral measure of A. 

Now we can associate an operator TijnT with every component u\ of a 
vector u = (uj)? G TC, s.t. u tv G V(T^) and TjjU tr = u\ (cf. [|Bol| ). These 
operators give rise to a linear operator T u defined by 



T u : 2>(T U ) := D C K -» JC 



Mv k ^ T U M v k := (T ik M u tv 



(2.2) 



Now we can prove 



Lemma 2.1. Let T u defined by (|2.2| ) . Then T u is densely defined and closable. 
Let T u be its closure. Then D C £>(T*) ; T u is affiliated with TZ, and 

^ T u w fc = u, 

k 

where the convergence is absolute. 

Proof. 1. First we must show that T u is well defined. Observe first that 

|Tifc<p fc tt tr = \\T ik u tT \\ 2 

i,3 i 

= J2\\ U i 2 < °°' 

i 

i.e. T u v k G K, for every k G N. Let now M' G 72.' be arbitrary. Then 
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M T u v k G K, and 



oo > ||M T u v k 

i jk 

MM 

i,3 



E IK*' 1, 



ikUti 



\\T ik M' jk u tr " (cf. gal Prop.2.1.]) 



(2.3) 



for every fe E N, hence T u is well denned. 

2. Now we show that X>(T U ) is dense in /C. First the elements with only 
finitely many entries not are dense in K,. Further every such element 
is a linear combination of elements of the type (wj<$jfc)|, again all but a 
finite number equal 0. Since «tr 6 W is cyclic for T , we can approximate 
these elements by elements of the form (M'^ 5i k Ut T ){ ='■ M'u/j with M' = 



(M' 3h 5 ik y i € TZq C 1Z' , hence V(T V 



D is dense in IC. 



3. In this step we want to show that T u is closable. Let x = M.'v k € T>(T U ), 
y = N'vj £ V(S) := D' (k,j £ N), where S := (T^)^ is defined analo- 
gously to T u , hence it is a densely defined operator, too (All T z * are closed 
operators affiliated with T and u tv € I?(T 1 * i ), cf. JBo]| , Prop. 2.1.], and 



l|T,>tr 

Now 



||T K «tr| 



JT u x\y , 



(t u mV|n'^> 

{T ik M U tr |N djjUtr 



■t.z 



£<M'\ tr |T* fc N'V> 



(S lk M utrlT^N V) 
= (z|Sy). 

This shows y G 2?(T*), T*y = Sy, and S C (T u )*, hence f„ is closable. 
This shows also, that D' C V((f u )*) = X>(T*). 



4. To show that T u is affiliated with 1Z, let U 



6 7£ be a 
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unitary. Then U D = D . Let now x = M v k G D = £>(T U ). Then 



U'f u x = U'(Ti fc M' ifc lttr )| 



^u"T jfc M" u tv )\ 
j 

^T^ll'V^n^ (cf. B Prop.2.1.]) 



j 

j 

= T n U'x 

This shows U T u = T U U for every unitary U G TZ , hence, since -D is a 
core for T n , 

u't u = t u u' VU'g«(7£'). 

5. In the last step we calculate 



k 

(TijUtrYi = U. 



□ 



Now we can give the following definition: 



Definition 2.1. For every vector u = (uj) G /C we denote by T u = (Ty) an 
operator affiliated with TZ s.t. u tr G £>(Tij) for all i,j G N, T,jti tr = n|, and 



^^.Tu^fc = n, which exists according to Lemma 2.1 



The next proposition shows some usefull properties of the operators occuring 



in Definition 2.1 



Proposition 2.2. Let TnTZ, v k G £>(T) (keN), Y,k \\ Tv k\\ 2 < °o. T/ien 
i. C D(T), ^ C D(T*), and C D((T*T) 1 / 2 ) /or a// A; € N. 
5. D i- s a core 

for T, T*, and (T^T) 1 / 2 . 
3. TZ'v k C D(T), ^'w fc C 2?(T*), and ft'v fc C D((T*T) 1 / 2 ) /or a// fc G N. 
^. D' is a core for T, T* , and (TT) 1 / 2 . 
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Proof. 1. Let T = VH the polar decomposition of T, and E A the spectral 
resolution of H. Then 

J \ 2 d\\E x \Jv k \\ 2 <J2 J A 2 d||E A U^|| 2 

= J2 f A 2 d||U*E AV/ |! 2 (s. Q) 
l ^ 

= J2 [ A 2 d||E A ^f 
i ^ 

= Eii h ^ii 2 = Eii t ^i 



< oo 



for every unitary U G ft and every k G N, i.e. TZv k C ^(H) = P(T) for 
every k G N. Now T* = HV*, and, since V* G ft, also Kv k C £>(T*). 

2. 1) shows that Do C 2}(T), further Do is dense in IC. Now Do is invariant 
under the unitary group e itH , i.e. Dq is a core for H and also for T. The 
assertion for T* follows analogous. 



3. This follows from 1) and [Bo], Prop. 2.1. 



4. Now for every M = (M#)ij G ft there exists exactly one M' = (M' y ) G ft' 

Ij'j^tr 

iitr). Now define 



s.t. M ut r = MjjU tr (M := JM^jJ, where J is the conjugation w.r.t. 



M 



(k,i) 



eLm'e',, 



where E' (fc) := {S^fK Then 



and 



E = E || M (fc,o T ^ 



(2.4) 



< 



/II 2 



E M ii^ii 



< ||M|| 2 ^||T^|| 2 < oo. 

Hence Yli TMj fc ^vi converges and therefore Y^i^-(hi) v l converges in the 
graph norm of T to Mi^, i.e. also D is a core, since Dq is it. 

□ 



Lemma 2.3. Let Tr]lZ be as in Proposition 2.L Then there are T^nT with 
u tT G 2?(Ty) s.t. T = (Tjj)jj e N and T = T„ with u := Ylk^k * n ^ e se^se of 
Definition \2. \. 
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Proof. Set Efc := [1Z v k ] G 1Z (k G N). Then matrix calculation shows that (E^) 
is a family of orthogonal, equivalent, finite projections, s.t. 

EfcT^Efc = {5kid~ijT)ij & ]*j 

and £\ Efc = Id. Now Ey : M'u,- i— > M'wj defines a selfadjoint system of matrix 
units (Ey) s.t. Efcfc = E& for every k G N. Now define operators 

Sy : X>(Sy) := D C /C ^ /C 

and 

Sjj : P(Sij) := D„ C £ -» /C 

^M^ fc ^E fei T*E ifc M / fc Ufc. 
fc fc 

Since -D is dense in /C (cf. proof of Lemma (2^) and a core both for T and for T* 
they are well defined and densely defined. Let now x G ^(Sy) and y G P(Sji). 
Then 

(Sijx\y) = ^2(E ki TE jk x\y) 

k 

= ^<x|E fci T*E ife y> 

k 

This means that y G £>(Sy) and S*-y = S^y, i.e. Sjj C S y , hence Sy is closable 
since Sji is densely defined. 

Let now Ty be the closure of Sy. Then D = 2P(Sy) is a core for Ty. Since 
U D = -Do an d 

XfSijC^Kn) = ^U'E fci TE jfc M^ fc 
= ^E fei TE ife U'M' feUfe 
= SyU'(]TM^ fc ) 

for every unitary U' G TZ and every element (Ml)^ G D > it follows that 
U Ty = TyU and Ty is affiliated with TZ. 
Further 

E mw Sij(y^ ^-k v k) = ^ E mw EfcjTEjfcM fc f fc 
— E m jTEj m E mri M n f n 

= ^ EfcjTEjfcEmnMjjf „ 

= S i3 -E mn (^M fe Vfc), 



S 



hence Ty is affiliated with T C ® C — {E mri |m, n G N} n 1Z. Now set 
T y := V*f yV, where 

V: W^/C 

is the canonical partial isometry from TL to /C = W (g> 7^oo <8> Tioo • 
Now ntr G X>(Ty) since Vu tr = «i G D(Tij), and with u\ := TjjU tr 



E 



X] H T W U tr|| 2 

E I^TyVtit, 

E H E ^ TE 

E IIT«; 



< OO 



s.t. u := X^fc fc = (Wi)^ = (Tjjtttr)i e ^- This means that we can construct 
the operator T u = (T{j)ij according to Lemma 2.1. Now T u and T coincide on 
the core D , and hence they are equal. □ 

Corollary 2.4. The operator T u defined in Definition \2. 1\ is unique. 



Corollary 2.5. Let T u be the operator defined in Definition 2.1. Then IZvk G 
X>(T U ) for every k G N and 

T u Mv k = (^TiiM^jutr)]. 
i 

Proof. Proposition 2T2| shows that IZvk G V(T n ) for every k G N and Mwfc = 
E/M' (fc)0 ^ (cf. d3)T Now 

T u Mv k = T u E M '(ifc,z)^ 

= E T « M '(M) U ' 

= E(T..M' fc ''^n tr )j 

= E(T«M J 4« tr )|. 



□ 
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Now we can formulate the following lemma: 



Lemma 2.6. Let T u be the operator defined in Definition 2A_. Then: 

1. tr(T*T u ) = tr(T u T*) < oo. 

2. u is cyclic, iffT u is injective. 

3. u is separating, iffT u has dense range. 

4- u is cyclic and separating ijJT u is injective and has dense range, i.e. iff 
T u is invertible. 

For the proof we need: 

Proposition 2.7. Let T be a (finite) von Neumann algebra with cyclic trace 
vector utv Let further S, Tr/T with utr G £*(S) H V(T) and M,NgT. Then 



(MTu tr |NSu tr 



'S*N*-u tr |T*M*u tr 



(2.5) 



Proof. Let (E n ) and (F„) be bounding sequences for T and S, resp. (cf. |KR83 
Lem. 5.6.14]). Then: 

<MTu tr |NSu tr ) = lim <MTE„u tr |NSF n -u tr > 

= lim <(SF„)*N*n tr |(TE n )*M*n tr > 

n— >oo v ' 

= lim <F„S*N*n tr |E n T*M*n tr > 

n^oo 

= <S*N*U tr |T*M*Utr>, 

since N*u tr G V(S*) and M*u tv G V(T*) (cf. gol Prop2.1]). 



□ 



Proof of Lemma \2. b\ . 1. Since v k G V(T U ) = T>(H) for all k G N , where 
T u = VH is the polar decomposition of T u , we can write the trace, defined 
in ([O]) , as follows (E^ is the spectral measure of H) : 

tx(T* u T u ) = tr(H 2 ) = J2 J ^ d ll E A^H 2 = E H H ^H 2 = E H T ^H 2 ■ 



Since the [TZvk] are mutually orthogonal, we have 
tr(TjT„) = ^2(T u v k \T u v k ) 

k 

k,j 

2 



v k 



\u\\ < OO. 
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Further 



tr(T u T* u ) = J2{Kv j \T> j ) 



EE< T ^V|T* fe( PV 

j k,i 

E< T *^i T 



k.i 



= EE (TifcUtr | T ifc n tr } 
k i 

k 

= tr(T;T u ). 

2. Let u be cyclic. Then there are M( n ) = (M^) G TZ with 

lim M^u = v 

n^oo 

for every v = (SjjM tr )j G /C, where S = (S^-) € 7^o- This means, using 
Proposition |2.7| and Corollary |2,5| , 

2 







E 
E 
E 
E 

hi 



E m £ )t <^ 



E T ^( M 



2ERe<M^ ) Tfc^ tr |S i ^ tr > + \\S ljUtI \\ 2 ) 

k 

> 



^T^MS\ r -s;, b 



i.e., since (T^)^ C T* and TZoUtr is dense in /C, T* has dense range, i.e. 
T u is injective. 



Let now T u be injective and M = (M ) G TZ with M u = 0. Now 
M'u = (Y J M nJ T k] u tv ) ik = 0, 



and 



M u 



E 

i k 

E 

i,k 



l|T u u| 
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where v := (M %3 ut r ){ = Y^ fc M v f. G £>(T U ) (T u is closed), hence T u u = 0, 
and, since T n is injective, «| = M' Uh = for all i,j G N. Because u tT is 



cyclic for T hence separating for T , M.' J = for all i,j G N, s.t. M' = 0. 
3. Let u be separating. This means that u is cyclic for TZ . Then there are 



M (n) = (Mg } ) 6 ft' and 



lim M( n )it = u 



for every v = (SijUt T )l G /C, where (S^) G ftp e N). This means 



E 
E 



Since ft M tr is dense in /C we have proven that T u has dense range. 
For the converse read the argument backwards. 

4. This follows from 2. and 3. 



□ 



Remark 2.1. Also here, as in the finite case, the finite trace condition of Lemma |2, 6 
is not only necessary but also sufficient for an operator being the operator asso- 
ciated with a vector in the sense of Definition |2.1| , Suppose that tr(T*T) < oo 
with TrjU. Then 



hence 



oo > tr(T*T) = tr(H 2 ) 

= J2j A 2 d||E A ^| 



X 2 d\\E x v k \\<oo VfcGN, 



i.e. v k G V(R) = D(T), and 

^ ||T^|| 2 = £ ||IL; fc || 2 = Y,J X2d H E A U *H < °°- 



This shows that the assumptions of Lemma 2J3 are fulfilled. 

Corollary 2.8. 1Z possesses a cyclic and separating vector uq G fC. 

Proof. Set T := (Sijj~ 2 ld)ij or uq := ^2jj~ 2 Vj. Then T fulfills the conditions 



of Lemma |2.3| and is invertible, s.t. from Lemma |2.6| follows that uq is cyclic 
and separating. □ 
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In the last step of this subsection we show that the model we have just 
treated is really representative for the general situation, in the sense that all 
infinite type / or type II factors can be considered as a matrix algebra of finite 
type / or type II factors, resp. This is shown by the next 

Lemma 2.9. Every infinite but semifinite von Neumann factor (A4q, TCq) with 
cyclic and separating vector uq £ TLq is unitarily equivalent to T(8'L(7^ 00 )(8)C =: 
1Z,TL® Hoo ® Hoc =: fC), where T is a finite von Neumann factor acting on the 
Hilbert space H with cyclic and separating vector and Hoo is a separable infinite 
dimensional Hilbert space. 

Proof. Since A4q is infinite but semifinite there is a countable orthogonal family 
of finite equivalent projections (E ra ) n( =N in M-o, s.t. ^E n = Id. Now there is a 
selfadjoint system of matrix units (E a fe) ai b g N with E aa = E a (cf. |KR86 , 6.6.4]). 



This shows that M.q is isomorphic to T ® L(7i 00 ) where T := {E a ?,} n Mq and 
T is isomorphic to every E n .MoE n (n £ N). Since the projections E ra are finite 
also T is a finite factor. 

Since M.q possesses the separating vector no we can represent the algebras 
E n A^oE n by the GNS representation for the faithful state uj n induced by the 
separating vector E n uo on a Hilbert space H n , s.t. the vector u n 6 TL n imple- 
menting the state uj n is a cyclic and separating vector for E n 7WoE ra . Since all 
the E n .M E n are isomorphic and they possess in this representation a cyclic 
and separating vector, they are all unitarily equivalent. This means that we 
can choose as T one of the E n 7V4oE n acting on the representation space Ti n . 

Since the factor (T®L(7i 00 )®C =: 7Z, / H®7ioo®'rtoo ='■ £■) possesses a cyclic 
and separating vector if (T, TL) does (see Corollary and it is isomorphic to 
M.0 it is unitarily equivalent to M.q. □ 



The results of this section (and the analogues in [|Bol| ) can be subsumed in 
the next two theorems: 

Theorem 2.10. Let (A4q,Hq) be a semifinite von Neumann factor. Let further 
u G TLq. Then there is exactly one operator T u nM.Q associated with the vector u 



in the sense of \Bo\ , Def 2.1.] in the finite case and in the sense of Definition 2.1 
in the infinite case, resp., having the following properties: 

1. tr(T M T* ) = tr(T*T u ) < oo. 

2. u is cyclic, ijJT u is injective. 

3. u is separating, iffT u has dense range. 

4- u is cyclic and separating ijJT u is injective and has dense range, i.e. iff 
T„ is invertible. 



Proof. The finite case is just Theorem LI . In the infinite case the existence and 



the asserted properties follow from Lemma |2.9| and Lemma 2.6 infinite case, the 



uniqueness from Corollary 2.4. □ 
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Theorem 2.11. Let TnA4o- Then there is a vector u G TCq s.t T = T u iff 
tr(TT*) = tr(T*T) < oo. 



Proof of Theorem \2.11 . Again the finite case is just Theorem |L^. In the infinite 



case the necessarity of the trace condition follows from Theorem 2.10 and the 
sufficiency from Remark 2.1, resp. □ 



3 Generation of Modular Objects 

In this section we show how the modular objects of a cyclic and separating 
vector uq G TL for a semifinite von Neumann factor (A4o, Tio) are related to the 
operator T UQ constructed in the last section. As in §|2] we consider as a model 
for the infinite but semifinite factor the factor T tg) L(TLoo) £g> C =: TZ,TL® Hoo <8> 
Jioo) =: K), where T is a finite factor with cyclic trace vector ut T G TL. If 
uq G K, is a cyclic and separating vector for 1Z, according to Lemma |2.6| , there 
is an invertible operator T Uo n7Z, s.t. uq = ^T„ ^, where = (Sj di^ut^l ■ 
Using this operator we can formulate the following analogue to Theorem |1.3| : 

Theorem 3.1. Use the notations from above. Let further 

T uo = HV = (Rij)ij(Vij)ij 

be the polar decomposition of T UQ . With the conjugation J defined as 

J(MyUtr)f := (M* iUtT )l := (JM^u^ VM = (M^)ij G 1Z, 

where J is the conjugation corresponding to the trace vector u^, we can calculate 
the modular objects (Ao,Jo) of {M.q,uq) as follows: 

J = JV*JVJ = VJV*, 

and 

Ao = JoH 1 JoHo, 

^ e reH = H 2 = T U0 T: . 

Proof. 1. First we observe that JRJ G 7Z' for every R G TZ. For let R = 
(Ry) G TZ and v = = (Myi^ G K, (My) G 1Z , then 

JRJu = JR(JM ji n tr )| 

= J^R^JM^Ut^ 

i 

= (J^R ri JM fci n tr ) J fc 

j 

= p%JT(M fci n tr )l 

:=B.'en' 
= R'v. 
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Further 

JJv = J(JMjiU tT )ij = (MijUtr)ij = V, 

s.t. J is an (algebraic) conjugation for 1Z. 

2. Let now T uo be bounded (=> all the Ty and Hy, resp. are bounded). 
Then we show that the Tomita operator S defined by 

SAu = A*u VA € K 

can be written as 

S = H^VJVH. (3.1) 
For this let A = (A^)^- G TZ and u = Q^ fe H-jkVklUtr) l j- Then 

A«0 = (X! AijHjfcVfcfUtr)' 

and 

A*u = (J^A^Hj-fcVjuUb-)!-. 

Now 

(H- 1 VJV*H)An = H- 1 VJ( ^ V^H^AyH^V^t^ 

i,j,k,m 

= H 1 "V( JV^HmjAjjHjfcVfcnUtr)^ 

i,j,k,m 

= H _1 V( ^ V^H^A^H^jVmZ-Utr)^ 

i ,j,k,m 

= H _1 V( Vfc„Hfe :7 A* 3 H im V m /Utr)L 

i ,j,k,m 

= H _1 (^ H n jA* J -Hi m V TO i'Utr)L 
i,j,m 

= A* n R im V ml u tv ) l n = A*u , 

i,m 

which proves Q. Now S* = HVJVH- 1 and 

A = S*S 

= HVJV*H _1 H _1 VJV*H 
= VJV*H" 2 VJV*H 2 
= JoHo 1 JoHo- 

Further 

Jo^o' 72 = H 1 JoH = S, 
and all the assertions are proven in the bounded case. 
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3. In the last step we approximate the (unbounded) operator T uo by bounded 
operators T n in exactly the same way as in the proof of Theorem 3.1. in 
[Bol] and show the assertions like there also in the unbounded case. 

□ 



4 The Second Simple Class of Solutions of the In- 
verse Problem 

In this section we want to use the results of the last two sections to examine 
the second simple classes of solutions of the inverse problem introduced by 
Wollenberg in [Wolb] for type I factors, and considered in [Bol| also for type 



III factors. For the construction of this class it is crucial that the inverse Aq 1 
of the modular operator is again a modular operator. To this scope there was 
shown the following 

Lemma 4.1. Let Aq = JoHq 1 JoHo be the decomposition of the modular op- 

1/2 

erator Aq, where Jo = JV*JVJ = VJV* and T Wo = H V is the operator 
corresponding to uq (cf. Theorem \3.1\ ). Then Aq 1 = JqHqJoHq 1 and the fol- 
lowing is equivalent: 

1. (Aq , Jo) are the modular objects w.r.t. a cyclic and separating vector 
U\ £Hq. 

2. 

tr(Hg x ) < oo. (4.1) 



This lemma can be proven with the same techniques as in [Bol] also for the 



infinite case taking into account Theorem 2.10| , Theorem 2.11, and Theorem 3.1 



Now we must examine, whether or not the second condition in Lemma |4.1 
is fulfilled: 



Lemma 4.2. For type 1^ and type 11^ factors the condition Q4.1| ) is never 
true. 

1/2 

Proof. Let .Mo now be a type 1^ or 11^ factor and T uo = H V the operator 
corresponding to the cyclic and separating vector uq. Let further G A4q the 
spectral resolution of Ho- Then we can define a positive measure //tr on the 
(T-algebra of Borel sets in R, s.t. 



tr(H ) = J A^tr(A), 



where 

Hto{B) :=trE(B) 

for all Borel sets B. Now c := tr(Ho) < oo. Assume w.l.o.g. c = 1. Then 



1=1 Ad^tr(A) > / Xdfi tr (X) + I d//tr(A), 

[0,1] (l,oo) 
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i.e. 



dpLt x {\) < oo. 

(l )DO ) 

Since M.q is infinite oo = tr(Id) = yUt r (M), i.e. 

oo = J dfi tT (X) = J d//t r (A)+ J d^tr(A), 

A [0,1] (l,oo) 

V v ' 

<oo 

hence 



/ 



dfitv(X) = 00. 

[0,1] 

Suppose now that also tr(H _1 ) < 00, then 



00 > 



j \- l d^ tI (X)> j dfi tT (X)+ J X^d^X), 

x [0,1] (l,oo) 



which is a contradiction. □ 

Hence the last lemma shows that for infinite semifinite factors the second 
class of solutions of the inverse problem can never be constructed. This result 
was yet obtained by Wollenberg in [Wolb] for the type 1^ case. 



5 The Classification of Solutions in the Pure Point 
Spectrum Case 

In this section we want to show the modifications of classification results ob- 



tained in [Bo]]. The definition of the equivalence relation does not use any 



special properties of the finite factors, and can just be repeated here: 

Definition 5.1. Two semifinite von Neumann factors M,J\f € NFm (Aq, Jo, uq) 
are called equivalent, M. ~ J\f, if M € iV.F^(Ao, Jo, uo), i-e. if there exists a 
unitary operator U on TCo, s.t. M. = UA/TJ*, U commutes with Ao and Jo and 
U*uq = ± u o (For the definition of the class NFJ^(Aq, Jo, ^0) see |Bol|). 



Also the next lemmas can be formulated and proved in exactly the same 
way as in the finite case. Assume in the following that Ho has pure point 
spectrum, i.e. Ho = YlkeK MfcEfc where the [i^ (k € K) are the eigenvalues 
of Hq and £ Mq are the corresponding (orthogonal) eigenprojections with 
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nik := trEfc =: D^ / j (E/ c ) their von Neumann dimension. Then we have for Ao 
the following decomposition 

Ao = HqJoHq 1 J 

= ^ f-k^O^k-h^i-h 

k,ieK (5.1) 

where the Xj (j G J) are the eigenvalues of Ao and Fj are the corresponding 
eigenprojections. Now 

Lemma 5.1. With the notations introduced above we can compute the spectrum 
of Ao in the following way: 

{Xj\j g J} = {fi^kj e K} VjgJ (5.2) 

and 

nj = m k m i Yj G J if Mo is type I, (5.3a) 

n,j = oo V j G J if Mo is type II, (5.3b) 

where nj := D L ^ Q -j(Fj) with D L f^ ~j(Fj) the dimension function in the type Iqo 
factor L(Ho), which corresponds to the normalized Hilbert space dimension. 

Lemma 5.2. // there are two solutions of the inverse problem Mi, M2 s.t. 
the corresponding selfadjoint operators Hi and H2 have the same eigenvalues 
modulo a positive constant c > and same (von Neumann) multiplicities, then 
Mi ~ M 2 . 

Lemma 5.3. // there are two equivalent solutions Mi, Mi of the inverse prob- 
lem with the corresponding positive operators Hi and H2, resp., (having pure 
point spectrum) then Hi and H2 have the same eigenvalues (up to a positive 
constant) and von Neumann multiplicities, i.e. they are unitarily equivalent in 
M . 

The only difference to the finite case is shown by the next 

Lemma 5.4. Let {ji k ,mk)k&K be a sequence of pairs of positive reals fik > 
and nik > 0, s.t. 

nik G N if Mo is type 1^, (5.4a) 
m k G M>o if Mo is type 11^, (5.4b) 
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and 

^ m fc = 00 (5.4c) 



and 



m fc ^A,. = 1 (5.4d) 



keK 



and the relations ( |5.2|) and (|5.3| ) are fulfilled. Then there exists a solution 
M = ILM U* e NFm ( Ao , Jo , wo ) , U*A U = H JqH^Jq and H /ias i/ie 
eigenvalues and multiplicities (nk, m k)keK ( c f \Wolb , prop. 4-1]). 

For the proof we need the following auxiliary results: 

Proposition 5.5. If(mk) is countable family of positive reals with = oo ; 

then there exists in a type IIoq von Neumann factor M a family of pairwise 
orthogonal projections (Efc), s.t. D(Ek) = mk for every k. 

Proof. We construct the E/% inductively: Since the range of Dju is all of M<o 
(cf. [ |KR86| , 8.4.4]) there is a projection in M, s.t. D(E{) = m x . 

Suppose now that for N € N the are pairwise orthogonal with D_m (E&) = 
mk (1 < k < N). Setting := Id — Ylk=i Efc the restricted algebra F^MF^ 
is again a type II factor, finite, if F^r is finite, and infinite, if F^v is infinite (cf. 
KR86, Ex. 6.9.16]) with the dimension function 

D N (F n FF N ) := D Mo (F n FF N )/D(F N ) W n FF N G F N MF N , 

if Fjv is finite, and Dn = Am e ^ se > where 

N N 

D Mo (Fat) = D Mo (Id - F k ) = 1 - D M (E fc ) > m N . 

k=l k=l 

With the same argument as above there is again a projection Ejv 6 F^MFn C 
A4, s.t. Z)jv(Eat) = DiFjy^^^miy < 1, if F^ is finite, and Dn(En) = else. 
In both cases D Mo (E N ) and E N < F N ±E k {I < k < N). □ 



Now the proof of Lemma 5A is the same as in [ |Bol| . 



Remark 5.1. (5.4) show that in the infinite case we have always an infinite set 
of eigenvalues with as cummulation point, i.e. K = N and is in the spectrum 
o-(H) of H. 

Now we can summarize the lemmas of this section in the following 
Theorem 5.6. Let Mq be a semifinite von Neumann factor with cyclic and 

— 1/2 

separating vector uq and T UQ = H V the operator corresponding to no- If 
Ho has pure point spectrum, also Aq has it. In this case let (Aj) (j £ J) be the 
eigenvalues of Aq. Then 
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1. Two solutions A4i,M2 € NFm (Ao> Jo, uq) of the inverse problem with 
corresponding invertible operators HiijAio (i = 1,2) having pure point 
spectrum are equivalent iff Hi and H 2 have the same eigenvalues and 
(von Neumann) multiplicities. 

2. A positive invertible operator H77.M0 with pure point spectrum gives rise 
to a solution of the inverse problem iff its eigenvalues and multiplicities 



satisfy (EJ), (O), and (5.4). 



3. When the corresponding operators H has pure point spectrum the equiv- 
alence classes of ~ are completely classified by the spectrum of the cor- 
responding operators, i.e. by sequences of pairs of positive reals (//fc,mfc) 
satisfying fl5.2j), (|5.3|), and 



Example 5.1. Here we want to give some examples to illustrate Theorem 5.6 



1. In [Wolb] you can find some examples for the type / case. 

2. Let 

(. . . , 10" 3 , 10" 2 , 10 -1 , 1, 10, 10 2 , 10 3 , . . . ) 
be the eigenvalues of a modular operator for a type I/qo factor. Then 
((ci • 1, 1), (ci • l<r\ 1), (ci • 10- 2 , 1), (ci ■ 10" 3 , 1), . . . ) 

and 

((c 2 • 1, 1), (02 • HT 1 , 1), (c 2 • 10- 3 , 1), (c2 • 10- 5 , 1), . . . ) 

characterize two different classes of solutions of the inverse problem, i.e. 
they both satisfy (5.2), ( |5.3| ), and (5.4), where c% (i = 1, 2) are appropriate 



chosen constants. This shows that in this case there are more than the 
simple classes of solutions of the inverse problem. 

3. Let (fJ>ki m k)keN characterize a class of solutions of the inverse problem in 
the type I loo case, where m/ ^ mk for at least one pair k,l £ N, then for 
every finite permutation a of N interchanging k and I also {c^k-, m a(k)) 
characterize another class of solutions of the inverse problem (c > a 
norming constant) which is really a new one. 

4. Let again (Mfc;"ifc)fceN be a solution of the inverse problem in the type 
Hoc case, and let k, I € N be a pair of indices and e > 0. Then we get 
another class by adding e to and subtracting it from mi where again 
we have really a new class. 



Remark 5.2. 1. Example 5.1.3 and Example shows that in the type 

IIoo case, when Ho has pure point spectrum, we can always construct a 
second class of solutions, different from the simple class discussed in §|4|, 
i.e. NFm 7^ NFj^i , in contrast to the type I case, where for modular 
operators with generic spectrum we have NF Mo = NF^ (cf. [|Wolb|1 ). 
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2. Unfortunately the classification result presented here applies only to op- 
erators with pure point spectrum. Whereas in general there are also 
operators with more complicated spectrum (cf. [Bol, Remark 4.1]), for 



type I factors this is no restriction, since all operators generating modular 
operators are trace class operators, hence have pure point spectrum. 
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